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ABSTRACT

MODELING BOUNDED DATA WITH SUM
CONDITIONED
POISSON FACTORIZATION

Non-negative matrices appears in many domains from item recommendation,
audio signal processing to computer vision in which data instances have a bounded
non-negative range. For various tasks in these areas, probabilistic approaches have
been widely applied where matrix factorizations are among the state-of-the-art meth-
ods. A particular one is a latent variable model called Poisson Factorization which
models bounded data with Poisson distribution assigning them unbounded ranges. In
this work, we extend Poisson Factorization to model bounded data with bounded dis-
tributions such as Bernoulli, Binomial, Categorical and Multinomial. The resulting
model is named as Sum Conditioned Poisson Factorization as the model is constructed

by conditioning multiple Poisson Factorizations on their sum.

We present two algorithms for inference in Sum Conditioned Poisson Factoriza-
tion: Gibbs sampler and Expectation-Maximization. The algorithms and the model
are tested with simulated and real data sets. First, we compare the algorithms with
data generated from the model synthetically. Then, we demonstrate the interpretabil-
ity of the model on a binary valued data set named Swimmer. In order to measure
the performance of the model on ordinal ratings data, we use MovieLens 500-K. The
results indicate that the proposed model outperforms Poisson Factorization and other
models in terms of predictive performance for test ratings and top-K recommendation.
Finally, we conduct experiments on piano roll data extracted from Bach Chorales for
investigating the use of the model in time series. The experiments reveal that the model

provides parameters that can be used for prior distribution in time series analysis.



OZET

SINIRLI VERIYI TOPLAMA KOSULLU POISSON
AYRISTIRMA ILE MODELLEME

Negatif olmayan matrisler, veri 6rneklerinin negatif olmayan sinirl degerler aldig
kalem Oonerme ve ses sinyali igleme gibi birgok alanda kargimiza ¢gikmaktadir. Olasiliksal
yaklagimlar bu alanlardaki bir¢ok gorev icin kullanilmakta ve matris ayrigtirma mod-
elleri bu alandaki en ileri metodlar arasinda yer almaktadir. Bunlardan biri Poisson
Ayristirma adinda gozlemleri Poission dagilimiyla modelleyen bir sakli degisken mode-
lidir. Ancak bu gekilde, deger araligi sinirh olan gozlemlere, Poisson dagilimiyla sinirh
olmayan deger araligi verilmektedir. Bu caligmada, Poisson Ayrigtirma genisletilmig
ve gozlemler Bernoulli, Ikiterimli, Kategorik ve Cok terimli gibi smirh deger araligima
sahip dagilimlarla modellenmigtir. Ortaya ¢ikan model, bir¢ok Poisson Ayrigtirmanin,
kendilerinin toplamlarina kogullandirilmasiyla olugturuldugundan Toplama Kogullu Pois-

son Ayrigtirmasi olarak adlandirilmigtr.

Toplama Kogullu Poisson Ayrigtirmast modelinde ¢ikarim igin iki algoritma sunuy-
oruz: Gibbs 6rnekleyicisi ve Beklenti-Enbiiyiitme. Algoritmalar ve model, benzegtirilmis
ve gercek veri kiimeleriyle test edilmistir. Ilk olarak, iiretici modellen elde edilen
sentetik veriyle, iki algoritmay1 kiyasliyoruz. Daha sonra, Swimmer adinda bir veri
kiimesinde modelin yorumlanabilirligini gosteriyoruz. Modelin siralama olgekli puan-
lama verisindeki performansi 6lgmek icinse MovieLens 500-K adinda kullanici film
puan veri setini kullaniyoruz. Sonuglar onerilen modelin, mevcut diger modellerden
test puanlarini tahmin etmede ve iist-K 6nermede daha tistiin oldugunu gosteriyor.
Son olarak, modelin zaman serisindeki kullanimini aragtirmak i¢cin Bach Korallerinden
¢ikarilan piyano rulo verisiyle deney yapiyoruz. Burada, modelin zaman serisi anal-

izinde onsel dagilhimlar icin kullanilabilecek parametreler sagladigim1 gostermekteyiz.
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1. INTRODUCTION

During the last decades, tremendous amounts of data have became available. One
interesting and popular type of data is dyadic data which consists of measurements on
pairs where the observed measurement z; ; is assumed to carry information about the

interaction of 7 and j. For instance, z; ; can be the rating of movie j given by user i.

Dyadic data can be modeled with latent variable models where latent or hidden
variables are used to represent the underlying structures in data. These models assume
that data instances are realizations of observed variables which are conditioned on
hidden variables. Hence, even though latent variables are hidden and can not be

observed directly, they can be inferred given observed variables.

Matrix factorization models can be seen as latent variable models which decom-
poses a given dyadic data into its factors. As data is often available in matrix form,
these models can be used in diversed array of applications. In image processing, a
matrix might consist of coefficients where x-axis and y-axis represent samples and fea-
tures, respectively. Movie ratings can also be used with matrix factorization models
where x-axis and y-axis denote users and movies, respectively. Text processing is an-
other research area where matrices may be constructed by word counts in which x-axis
and y-axis correspond to text documents and words, respectively. For audio processing
applications, entries of matrices might be designed to include Fourier coefficients where

x-axis and y-axis represent time and frequencies, respectively.

For modeling non-negative dyadic data, one popular matrix factorization model
is Nonnegative Matrix Factorization (NMF). NMF models have been widely used in
various domains including text mining [1,2], computer vision [3,4], document clus-
tering [5, 6], audio signal processing [7-13|, video processing [14-17], bioinformat-
ics [18-21], community discovery [22,23] and item recommendation [24,25]. Generally,
two problems are of interest in NMF: (i) exploration and (ii) prediction. In the first

one, the goal is to understand the underlying structure of data thanks to the inter-



pretability of the model. For the latter, the task is to predict unobserved or unknown

entries of data.

NMF is often able to solve the aforementioned problems by providing inter-
pretable factors and accurate estimates of data. For modeling bounded data such
as binary, categorical or ordinal, NMF with Kullback-Leibler divergence, also known
as Poisson Factorization (PF), is one of the state-of-the-art methods. However, it
might not be the best choice since NMF models observations with Poisson distribution
assuming data instances are unbounded. On the other hand, to model bounded data
alternative approaches to KIL-NMF (PF) can be found in the literature. [26-29] But,
they suffer from the interpretability issue since inferred components are difficult to

analyze.

1.1. Scope of the Thesis

In this thesis, we propose a simple extension to KL-NMF (PF) to model bounded
data such as Bernoulli, Binomial, Categorical and Multinomial. The resulting model
still provides interpretable factors for understanding a given data set and performs a

higher accuracy as shown in the experiments.

The main contribution of this thesis can be summarized as follows:

e Sum Conditioned Poisson Factorizatoin (SCPF): We first describe our model from
a statistical perspective. We further derive algorithms for inference of latent
variables in the model and present efficient and generic implementation of the
algorithms.

e Comparison of Gibbs sampler and EM algorithm: We compare two methods on
a synthetic data set generated from the model.

e Interpretability: We conduct binary matrix factorization experiments on a binary
data set to show interpretability of factors in the model.

e Predictive performance: We demonstrate the predictive performance of our model

on matrix-completion problem.



1.2. Organization of the Thesis

The rest of the thesis is organized as follows: Chapter 2 provides theoretical
background needed to understand the model and the inference methods. Chapter 3
describes Sum Conditioned Poisson Factorization (SCPF) and discusses its properties.
A detailed analysis of the inference for the model is given in Chapter 4. The experi-
ments are presented in Chapter 5. Finally, the thesis is concluded and further research

directions are explained.



2. THEORETICAL BACKGROUND

This chapter contains theoretical background to understand the work in the the-
sis. First, we describe Poisson Factorization (PF) which the proposed model is built
upon. Then, we present introductory information on the algorithms used for inference

in the proposed model.

2.1. Poisson Factorization

Non-negative Matrix Factorization (NMF) was introduced as positive matrix fac-
torization by Paatero and Tapper [30] and popularized by Lee and Seung as an al-
ternative method to Principal Component Analysis (PCA) and Vector Quantization
(VQ) for facial image analysis and semantic analysis of documents [3]. In NMF, given
non-negative data matrix X, the goal is to find two non-negative matrices W and H

such that multiplication of matrices approximates X:

X~WH

where W and H are referred as Template and Excitation matrices, respectively.

General usages of NMF includes feature learning, topic discovery, clustering, tem-

poral segmentation, filtering and source separation.

Figure 2.1. NMF as a matrix decomposition model. X, W and H are non-negative

data, Template and Excitation matrices respectively.



NMEF can also be cast to a optimization problem:
(W*,H*) = argmin D(X||WH)
W,H
where the error function D is a divergence.

Cemgil described NMF from a statistical perspective with Kullback-Leibler (KL)
divergence as an error measure, allowing full Bayesian treatment of the model [4]. KL-
NMEF is also be known as Poisson Factorization (PF) in the literature. Gopalan et.
al. proposes a hierarchical PF with a variational inference algorithm that scales up
to massive data sets [31]. In [32], it is extended to a Bayesian nonparametric model
which outperforms its parametric counterpart. These models generally assume that the
latent factors are static. Charlin addresses this issue and presents Dynamic Poisson

Factorization which models time evolving latent factors [33].

Each basis vector in Template matrix, each column of W, represents a fundamen-
tal characteristics in data. For example, consider the data in Figure 2.2, packet type
histograms collected from a SIP network where rows and columns denote features and
time, respectively. In this application, inferred basis vectors in W represent certain
packet types histograms generated when a certain action in network is taken. Here,
the basis vector with column id 2 stands for actions in which a user initiates a call to
another by sending INVITE packets to a server. The entries of the Excitation matrix

denotes the contribution of the corresponding behaviors to approximation.

PF can be interpreted in various ways one of which is as a feature extraction
method. Inferred Template matrix contains local features extracted from a data set.
Hence, corresponding vectors in Excitation matrix can be seen as feature vectors which
are actually linear combinations of local features in Excitation matrix. PF can be also
interpreted as a low-rank approximation method as dimension of the Template matrix

is typically chosen as lower than dimension of the original data.
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Figure 2.2. The first plot visualizes a network data, packet type histograms collected
from a SIP network. The rest corresponds to template and excitation matrices

inferred by PF, respectively.

Formal description of the model can be given as follows: Let X be a I x J sized
data matrix whose each entry z;; corresponds to the data at i row and j column
where ¢ = 1,2,...,] and j = 1,2,...,J. The goal is to approximate X with the
multiplication of two non-negative matrices W and H whose sizes are [ x R and R X J,
respectively, where R denotes the rank of decomposition. Each entry z; ; is modeled as
a sum of Poisson random variables which are denoted by s; ;1.r Where R denotes the
number of hidden Poisson random variables. This allows z; ; to be a Poisson random
variable as well, whose intensity parameter ), ; is the sum of intensity parameters of
other Poisson random variables s; ; 1.r. The intensity parameter of each Poisson random
variable s; ;, is given as the product of w;, and h, ;. The non-negative entries in W
and H are modeled with Gamma random variables since the Gamma distribution is
the conjugate prior of Poisson distribution and its support is the set of non-negative

real numbers.

Hence, the generative model of PF can be given as follows:

Wiy ~ G(w;,;a”, 0" /a”) hyj ~ G(hsj; a”, bh/ah)

R
Sijr ~ PO(Sijri Wiy X hyj) i = g Sijr



where ¢ and b* /a™ are the shape and scale parameters of Gamma distributions
used for the variables in W while a" and 0"/a" are the shape and scale parameters
of Gamma distributions used for the variables in H. Note that this parameter choice
makes b* and b" mean parameters of Gamma distributions. Here, G(-) and PO()

denote Gamma and Poisson distributions which can be given as:

‘ ~wexp(—w§)
G0 0) = Ry aaye
PO(s; ) = 2PN QXS(_A)

where a, b and A are the shape, scale and intensity parameters, respectively.

From a Bayesian perspective, the goal becomes calculating the joint posterior
distribution of W and H given X. The multiplicative update rules in the original
NMF paper [3] appear as Maximum-Likelihood (ML) estimates of latent variables
with Expectation-Maximization (EM) algorithm for KL-NMF where priors on W and
H are omitted [4].

Various hierarchical PF models can be found in the literature. For instance,
Cemgil uses Variational Bayes and Gibbs sampler for inference in a hierarchical PF
model [4]. In [31], Gopalan et. al. developed a model named hierarchical Poisson
matrix factorization for recommendation in which variational inference is used for ap-
proximate posterior inference that scales up to massive data sets. Gopalan further
proposed a Bayesian nonparametric Poisson factorization model for model selection
where the latent components and the latent dimensionality are found simultaneously

with an efficient algorithm based on variational inference [32].

2.2. The Expectation-Maximization (EM) Algorithm

Suppose we are given a model with data X, latent variables Z and an unknown

parameter ©. In order to estimate the unknown parameters, Maximum-Likelihood



(ML) which is defined as follows:
O, := argmax p(X|O)
S

Whilst the former corresponds to finding parameter value that maximizes the marginal

likelihood.

Consider the ML estimation procedure in which the objective function can be

written as the marginalization of a joint distribution over the latent variables:

Oz = argmax p(X|0))
e

= argglaxp(zp(X, 719))) (2.1)

where sum is used for the marginalization as we assume Z is discrete without loss of

generality.

The sum given in the Equation 2.1 is often intractable; however it is still possible

to find ©,;;, using Expectation-Maximization (EM) procedure.

EM is an iterative algorithm to find the Maximum-Likelihood (ML) or Maximum-
A-Posteriori estimate of an unknown parameter in latent variable models [34]. At each
iteration, new estimates for the unknown parameter are calculated using observations
and current estimates of unknown parameter. This is carried out via finding parameter
value that maximizes the expectation of the likelihood function p(X, Z|©) with respect
to the posterior distribution of latent variables given current estimates. In order to show

this, we now proceed with EM derivations.

Note that as log(x) is a strictly increasing function, maximizing p(z|0©) is equiv-
alent to maximizing logp(z|0). This in turn lets one use the log-likelihood function

which not only simplifies analysis but also provides a numerically more stable solution.



Let us first write the log-likelihood:

logp(X|0©) = og(ZpXZ|@>

where we multiply the equation by at the third line. Here, ¢(Z) is an arbitrary

function of random variables Z.

Recall that the Jensen’s inequality states that f(E[z]) > E[f(x)] for a concave
function f(z). As log(z) is a concave function, we can derive the following thanks to

the Jensen’s inequality:

log p(X[©) =lo (E [p(X(g)‘G)] q(z))

g
=[5,
e[ (x.20)] 5[ (w0)]

where the last term is the lower bound that EM maximizes at each iteration. The first

v

expectation is called energy, which is the expected complete data log-likelihood. The
second term is referred as entropy which is independent of ©. Hence, maximizing the

lower bound is equivalent to maximizing expectation of complete data log-likelihood

w.r.t. q(Z).
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In classical EM derivations, the arbitrary function ¢(Z) is chosen as p(Z|X, ©)
since it makes the bound tight:

Los (N )] =21 G )] e
-l (g ) e

— E-log( (Xl@))]

p(Z|X,0)

_Zlog (X]©))p(Z|X,0)

= log (p(X|©))

The algorithm can be divided into 2 steps: Expectation (E) and Maximization
(M). In E-Step, one needs to calculate expectation of complete data log-likelihood w.r.t.
p(Z|X,0W) using previous estimates of unknown parameters. Then, unknown param-
eters are updated such that parameter values maximizing the expectation becomes new

estimations. Hence, the iterative procedure can be written as follows:

e Expectation Step (E-step)

Q(66) = E[logpoc Zr@ﬁ

p(Z|X,01)
e Maximization Step (M-step)
O = argmax Q(0|0W")
e
where ©® denotes estimates for the unknown parameter at iteration ¢.

In any step of EM algorithm, the log-likelihood never decreases. This can be

showed by using the KL divergence, which is a distance measure between two proba-
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bility distributions p(x) and ¢(x). We define the KL divergence as follows:

KL(pllg) = — / p(x) 1og%dx

where K L(pl||q) is always non-negative and equal to zero if and only if p(z) = ¢(x).

The energy term of the lower bound can be rewritten as:

Lo (S ), = s (i)

-3 u(2)10g (HAX-OPXI0))

a(Z)
— Xz:q(Z) log p(X|©) + ;q(z) log (%)

=logp(X|0) — KL(q(2)||p(Z]X,©))

where the first term is the log-likelihood and the second term is the KL divergence.
This means that, for fixed ©, the lower bound is bounded above by the log-likelihood,
and achieves that bound when KL divergence is equal to 0. Hence, after an E-step, the
energy equals the log-likelihood. As M-step maximizes the energy w.r.t. ©, EM never
decreases the log-likelihood.

2.3. The Gibbs Sampler Algorithm
Markov chain Monte Carlo (MCMC) methods are powerful statistical techniques
used to approximate intractable densities by a finite set of samples. Suppose we are

given a target distribution 7(x). Given samples generated from the target distribution,

we can represent the analytically inexpressible distribution as follows:

() = % > b ) (2.2)

where 2! is sample at i’ iteration and §(-) is dirac delta function.
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Equation 2.2 allows calculating the expectation of a function f(z) under target
distribution 7(z), which is not possible analytically. However, provided that the num-
ber of samples M is large enough, MCMC algorithms approximate true value of the

expectation thanks to the strong and weak laws of large numbers:

E[f(2)],,, = / F(@)m(x) de (2.3)

where 7 is sample at ‘" iteration. This method is called Monte-Carlo integration in

the literature [35].

In order to calculate the integration given in 2.4, we need to be able to sample from
the target distribution, which is not possible in some cases as the target distribution
7(z) can be non-standard. Detailed analysis of MCMC methods is not in the scope of

this thesis; however more information can be found in the literature [36-39].

One well-known MCMC method is Gibbs sampling proposed by Geman and Ge-
man in [40]. After making an analogy between images and statistical systems, they
introduced Gibbs sampling as an image restoration method. An explanatory work on
the convergence of Gibbs sampler with introductory examples are given by Casella and

Geoerge in [41].

The idea in Gibbs sampling is to design an ergodic Markov chain whose stationary
distribution is the target distribution 7(x). In order to define a Markov chain, one
needs to specify an initial probability distribution 7(*)(z) and a transition probability
T(2';z) [42]. The probability distribution of the state at the (¢ + 1) iteration of the

chain is given as:

D (g) = /W(t)(x)T(x/;x) dz
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Note that the chain must be ergodic and the desired distribution must be an
invariant distribution of the chain [39]. Also, the transition probabilities must have the

detailed balance property which implies invariance of 7(z) under the chain [39].

Even though sampling from 7(z) is not feasible in some cases, sampling from
full conditional distributions may be possible. After some iterations, burn-in period,
samples generated from full conditional distributions are treated as if they are generated
from 7(x). This, in turn, allows calculating approximate estimates of statistics such as

expectations.

Consider sampling from the the joint distribution p(x, y1, ys, ..., yp), which might
be difficult to perform. Fortunately, Gibbs sampler provides an alternative procedure in
which one samples from full conditional distribution of each random variable iteratively.
Hence, sampling from p(z) can be achieved, and mean of p(x) can be calculated by

averaging samples of x:

1 o= o
Elz] ~ - X'
1=1

where X* is sample from full conditional distribution p(x|yi,ys, ..., yp) at iteration i.

In this example, a possible sampling scheme for Gibbs sampler is given in Algo-

rithm 2.3 which presents a recipe for calculating the expectation of x.



Initialize X° Y, YD, ..., Y§ randomly

for i =1to M do
Xt p(@ilys =Yy = Y3 yp = Y5,
Yi~p(yile = X'y =Y, yp = Y5 );
Vi~ plyle = X'y = Yy = Y37, yp =
Yo )

Y ~plyple = Xy =Y, . ypo1 = Y_4);
end for

E[ﬂ ~ % sz\il XY

Figure 2.3. Pseudo-code of Gibbs sampler for a toy example.

14
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3. PROPOSED MODEL

This chapter presents the Sum Conditioned Poisson Factorization (SCPF) model

which is an extension of PF described in Chapter 2.
3.1. Sum Conditioned Poisson Factorization
The model consists of K PF models and an observed cardinality matrix N which

contains the sum of observation matrices of PF models. A schematic description of

SCPF is given in Figure 3.1 where each cubic plot of X, W) and Hy represents a PF.

H[ T ] [ T ] [ T ]
hir,j | P, | hEr.j |
I I I I I I I I I
W | Wiir Sligr || Wki,r Skijr || WKir| | [SKijdn ||
S
T, Lhi,j LK ij
X
. r
Zl/‘_>
J

N=>, Xk

Figure 3.1. A schematic description of SCPF model.

In SCPF, each entry wy;; is still modeled as sum of Poisson random variables
of sij1:r,. However, conditioned on n; ;, the random variables z.; ; becomes coupled
across the k variable thanks to the well known property of Poisson distributions [43]:
conditioned on n; ;, the joint posterior p(x1,;,..., Tk, j|n;;) is multinomial with the

k’th cell probability given as py/p where piy is the intensity parameter of xy; ;.
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The generative model of SCPF can be given as follows:

h 1h h
Wi ~ G(Whir; @, 0" /a") Pk ~ G(hiyj;a”,b"/a”)
Ry,
Sk ~ PO(Skyijri Wi X Pir,j) Thij = D Skije
r=1

K
Nij = E xku
k=1

where a* and 0" /a" are the shape and scale parameters of Gamma distributions used
for the variables in W while a" and b" /a" are the shape and scale parameters of Gamma
distributions used for the variables in H. Note that this parameter choice makes 0%

and b" mean parameters of Gamma distributions.

The cardinality matrix N is assumed to be always known such that n; ; is equal
to the cardinality of the discrete variable z.;;. Furthermore, for one-hot encoding
schema, K is the number of categories. With setting N and K, one can model data

with Bernoulli, Categorical, Binomial and Multinomial random variables.

Consider modeling a binary matrix. We set K to 2 and each entry n; ; to 1. The

conditional distribution p(x1;;|n;;, w.;., h..;) becomes a Bernoulli distribution such

)

that:

wy:h
WM+ woho

p(xl,i,j|ni,j7 W .. h;,:,j) = 55($1,i,j;

Similarly, other distributions can also be derived. For a categorical distribution,
we set K to the number of categories and let n; ; = 1, leading to the following distri-

bution:

Wy M. j

K
Zkzl wkvi’:hk7:7j

)

P( Tk j|Nig, Wi h.. ;) = Cat(xg, ;;
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For a binomial random variable with a range of {0,...,n}, we set K to 2 and
let n;; = n. For a multinomial distribution with a range of {0,...,n}, we let K > 2
and n; ; = n. Table 3.1 summarizes the parameter choices for modeling with Bernoulli,

Categorical, Binomial and Multinomial random variables.

Table 3.1. Parameters for modeling multinomial data in SCPF.

K ni,j

Bernoulli 2 1

Categorical | # categories | 1

Binomial 2 >2

Multinomial | # categories | >2

For modeling missing data, we introduce a mask tensor M whose each entry my,; ;

becomes 1 or 0 if x; ; is observed or missing, respectively. This allows us to define a
. . - ~ K . .

residual matrix N where 7, ; = n;; — > ., ki jMk,i;. Lhe unobserved entries in X

models the residual matrix N which can be seen as the rest of data.

Suppose we are given an ordinal data matrix Y such as movie ratings whose each
entry takes values in {1,...,n}. To model Y with SCPF, we can assign Y to z ..,
first component of X, such that z;,; = Y; ;. In such a case, each entry of m, .., first
component of mask tensor M, needs to be set to 1/0 for observed /missing entries. Also,
let K =2 and n;; = n for all variables. For the special case of K = 2, z5.., second
component of X, can also be inferred since x5, ; = n — x1, ;. Here, the matrices ;.
and xs .. can be interpreted as measures of likes and dislikes given by users to movies.
Note that when there is no missing entries in the original matrix Y, the model would
reduce to two independent PF models. However, missing entries makes corresponding

entry z; ;) a Binomial random variable whose predictive distribution can be given as:

Wyl
W R+ Waha

2%,

P(ﬂfl,i,jmi,j, W ;. ., h:,:,j) = Bz(ﬂfl,i,j; N j,
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We can also observe that, in this ordinal data case, the choice of K > 2 prevents

us from inferring other variables xo.x; ; even if xy;; is observed.
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4. INFERENCE

For inference, we have investigated two methods: Expectation-Maximization
(EM) and Gibbs sampler. Initially, EM is described for fully observed data where
no missing entries exist so that the analogies to PF model can be easily established.
We then adopt the inference for missing entries in which the novelty of our model comes
into the play. Furthermore, we give an efficient implementation of the algorithm. In
the second section, an MCMC method named Gibbs sampler, is derived and compared

with EM in the Chapter 5.

4.1. The Expectation-Maximization Algorithm

In this section, we present important aspects of the EM derivations for inference
in SCPF. However, interested reader can find more details in Appendix A. In SCPF,
the observed variables are denoted by X and N. The latent variables of the model
is represented by S. The unknown parameters are shown as W and H. Hence, the

objective function of EM becomes the following:

QW, HWW, HY) = E| log p(N, X, S|W, H) (4.1)
p(S|N,X,W,H)

where the posterior distribution of the latent variables can be calculated through:

P(SIN, X, W, H) = p(N, X, S|W, H) /p(N, X|W, H) (4.2)

4.1.1. Derivations

In this section, we first derive EM equations for SCPF which are very similar to
PF in cases where no missing data exists. Then, we present the derivations for missing

data to show the difference between two models.
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4.1.1.1. Fully Observed Data. The marginal log-likelihood, can be derived by marginal-

ising out the latent variable S [4]:

logp(N, X|W, H) =1log Y _ p(N, X, S|W, H)
S
= log Y | p(N|X)p(X|S)p(S|W, H)
S

= log H P(ThijlWeis, b )

ki,
= log H ,PO(JZ']C’Z'J; Z w]m"r, hk,r,j) (43)
k,i,5 r

which is a result of superposition property of Poisson random variables [43], meaning
that sum of Poisson random variables sq, sg, ..., Sk with intensity parameters Ay, Ag,

..., Ak s also a Poisson random variable whose intensity parameter is A = >, Ax.

Note that at the second line the Equation 4.3, p(n; j|z.; ;) vanishes due to n;; =

K
Zkil xkzi’j :

The posterior distribution of the latent variables consists of Multinomial distri-

butions as shown in Appendix A.1:

log p(SIN, X, W, H) =Y 1og M(Sk . Thij Dhii)

k,i,j

oy . irh T,
where the cell probability py; ;. is equal to R
FaVE) Z'r wk,z‘,r:hk,v",j

. Since sy ;. is shown to be
a Multinomial random variable, the expectation of the latent variable s ;;, can be

easily calculated as:

E[Sk,i,j,r Wk i,:s hk,:,j] = Tki,jPk,i,j,r (4-4)

where expectation becomes a fraction of the observation xy; ;.
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The objective function in Equation 4.1 can be written using Equation A.1:

E logp(N7 Xa S|VV7 H)‘| = Z (Z (E [Sk,i,j,r‘wk,i,n hk,:,j]

p(SINX,W.H) 7

108; wk,i,rhk,r,j - wk,i,rhk,r,j

—E |:10g F(Skyi,j,r + 1)1 )

+E [log N Tpij — Z Sk,i,j,r):|

+logd(n;; — Z xkzg)) (4.5)
k

where the last three terms are merely constant for the maximization w.r.t. W and H.

Hence, one needs to maximize the following objective function:

QW, HWW HO) =%~ (E[s;ii,j,,.lw,ifi,t,hif,?,j] 10g Wiy hier —wk,i7rhk,r,j> (4.6)

k7i’j"r

where the expectation of the latent variable s,(f)l i 1s a result of Equation A.4:

t) ) (t)
E [Sl(c,i,j,r |wl(c,i,:7 hk,):,j} Lk,i,j Py J,4,T

(t t
kirhl(fz"]

= Thig © 0
o, Wy hk,r,j

Finally, we present the fixed point equations for maximizing the objective function

QW, HW® H®) whose details can be found in Appendix A.1:

w® p®

t ) k i,T k: T,
(t+1) ZjE[Skz]r’wkz ?h’l(c)]} . Z] il 2w ;itiwhz(flg
kjir T (t) o (t)
Z 1 hk‘ T,j Z.] hk,’,’l‘,j
W, i)
ST g
= ki (4.7)
Z k 7T ; ’ wkt,zﬂ"’ hl(ﬂtj",]
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5 bt
w®  p® N B R e
(t+1) Z E[Skzjr’ kz,:’hk,:,j} . ! ]Zr Igzr’ gc)rj
krgj (t) o (t)
Zi Wi 5 r Zz Wi 5 r
B o
o k r, 4,7 4.8
B Z Lk W (t) h(t) (4.8)
Z k:,z,r A wk k,r.j

4.1.1.2. Missing Data. The derivations presented below follows a similar procedure
used in the previous subsubsection. For handling missing data, we make use of Mask
tensor M whose each entry my;; becomes 1 or 0 when zy;; is observed or missing,
respectively. Hence, the SCPF marginal log-likelihood given in Equation 4.3 becomes

as follows:

logp(N, X|W, H) =log Y _ p(N, X, S|W, H)
S

=logzp N|X)p(X|S)p(S|W. H)

s {( H]) Thoij Wi, Ik J)mk”>

kg
(Hp(ﬁi,j|w:,i,:7 h.. mz])):|
— Z my KN 10g<73(9 T K ]; Z wk,l,rhk r,]))

k,i,j

+ Z lOg(PO(fLZJ, Z(l — mkm) Z wk,i’rhkm]’) (49)

1] k

~ K
where 7 j = 5 — Dy Thyij M-
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Accordingly, Equation A.2 changes as the calculation of the posterior distribution

of the latent variables in S is updated:

log p(S|N, X, W, H) = logp(N, X, S|W, H) — log p(N, X|W, H)

= > Myjlog M(Skij:; Thigs Phij,:)
J J J J

ki,
+ Z log M(8.i,j,:5 T g, Peyiyges Meij) (4.10)

i3

where 7; j is shared among the latent variables in s.; ;. for which my; ; = 0.

Recall that when zy; ; is not missing, i.e. my;; = 1, the latent random variables
in sy, ;. were shown to be a Multinomial random variable so that the expectation of
Sk.ijr is calculated easily. However, when xj;; is missing, i.e. my;; = 0, the latent
variable sy ; ;, becomes coupled with others in s.; ;. for which my,;; = 0. This, in
turn, results in a Multinomial random variable as well which allows calculating the

expectation of the latent variable sy ; ;.

Hence, the expectation of the latent variable s, ;, can be given as a piecewise

function as follows:

ThijPhijrs I My = 1,

E [Sk,i,j,r Nijy Thiijis Whyi,1:Ry, hk,l:Rk,j] =
NijQkigrs A mei; =0,

Wi Pk,rj Wi i PE,r . .

where pr; i = =220 and g4, = Ll T . This can be rewritten
Ph,ijor > Wi, Pk,r g Qkirjyr Yoe(I=mp s 5) Do Wi s rPk,rj
as:
El® |7 ® 20 1 _ Mk Whkir e jTr (L — mui g ) Wi P05
[Sk,z‘,j,r‘”i,ja Lhyijs Wi . k,:,j} = +

> Wiy i Yol —myii) D Wi, Py

One can easily derive the fixed point equations for maximizing the objective

function Q(W, H|W® | H®) by using the expectation of the latent variable sy ; ;, given
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above:

t) t
(t+1) Z E[sk KRR r|n1J7mk 17J7wl(cz ’h](C,?,j}

kanr T (t)
Z' hk,r,j
Z Mk,i, wl(ctz T I(ct)r ]Ik ] (l_mk m)“’l(:i r I(ct)r ]ﬁlvj
Ty W Al S (=i g) X wl) b
o (®)
Z j hk,r,j
(®) (t) (®)
— wk,l,?" Z mk7z7] hk T‘jxk Z (1 - mk?’La])hk Tjn27.7 (4 11)
o ®) () ) (®) ’
Zj hk,r,j J Zr wk,i,r’ hk T Zkz(l - mkﬂﬁj) Zr wk,i,r’ hk,r,j
(t) ) 1)
(t+1) ZiE[Sk,i,j,rmw?xk i3 We i 7hk,:,j}
krg — )
D Wy 5 r
Z~ mk!ivjwl(ct,i rhgct)r ]xk 3 (17mkvi, ) l(cti rhgct)r ,J ;i »J
L e S(=miig) 2w
o (t)
> Wy G
(t) (t) t) =
_ hk,m Z Mieij W i Lhsig (1 = mgij)wy, 4, rnm (4.12)

- t t t
Zi wl(ﬁ,z,r A Z’r wl(c,z,r’ hl(c,z",j Zk(l — my ZJ) Z wk 0,7 k r]

Please observe that the update equations of SCPF and PF are exactly same when
data is not missing, i.e. my;; = 1 as the second components vanishes. However, in
the opposite case where data entries are missing, they differ because of the second

component given in Table 4.2.

Table 4.1. Update rules for Poisson Factorization with observation, template and

excitation matrices denoted by X, W and H, respectively.

Parameter Update rule
MO 0)
’L i h”r "’Eid'
Wi,r Z NONXC
X, by T Lol
hT' wZ T x ]
hr,j ZZ J(t) Z Z Z(t’z’ gt;
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Table 4.2. Update rules for Sum Conditioned Poisson Factorization with observation,

template and excitation tensors denoted by X, W and H, respectively.

Parameter Update rule
. wlit?LT meJhl(’ct?rjszJ (1 mk"])hk r]nl]
Wi, SHIY 2. W@ 20 S 5wl A
J k,r,g wkzr k,r,j k Mk,i,j 7'wk,zr k,r,j
t i (t
hk ) hgc,)r,j Z [mk i le(c,z,rzk i,j (1—mg,; ])wk 1 1, :|
T t t t t
! Zzwl(cz,'r ! Z’rwliir’hgc?r] Z(l mkl])z k’LThil?l‘J

4.1.2. Implementation

We have derived EM update equations for inference in SCPF which might seem
complicated to implement. Here, our goal is to present an efficient implementation of

the algorithm by using matrix multiplications, similarly to [4].

Figure 4.1.2 allows us to update the unknown parameters of the model in a
straightforward manner. We denote element-wise arithmetic operations of summation,
multiplication and division with .+, ® and @, respectively. A % B is used for the inner
product of two matrices A and B. (A)? symbolizes the transpose operation applied to

a matrix A. Finally, 1 is a ones matrix of size I x J.
2. Gibbs sampler

We have described a Gibbs sampler in Section 2.3. Here, we adopt the algorithm
for inference in SCPF. Whilst other variants of Gibbs sampler could also be developed,
we use a very simple sampling scheme. As the latent variables and unknown parameters
in the model are W, H and S, samples are drawn from the following full conditional

distributions at each iteration:

~ p(hi e ;|W = w1 H, ho _H—hk S = gt=1) X X (=1 N =N)
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Initialize the parameters: W and H©;
Set M X and ]ff to zeros matrices of sizes I x J;
for k =1to K do
MX + MX .+ (M, ® Xy);
end for
N« N — MX;
for t=1to T do
for k =1to K do
Xp W« HY
Ne N .+ (1-M)o X
Qi+ My © X, 0 X,
e Qpx (HO)
QMW — (W) + Qs;
end for
for k =1to K do
Qp (1= M) ® N) o N,
W Qpx ()T
e ()T @
1V« 1% (H,it))T;
1= (W) = 1;
end for
WD e (W0 0 Q7+ Q) 0 1%
HOD — (HY 0 Q™ + Q")) o 17;

end for

Figure 4.1. Pseudo-code for Expectation-Maximization (EM) Algorithm.
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w®), ~ i W, = WD H = H® 5 = 56D X = X0V N = N)

—W 4

_ S(tfl) X = X(tfl)’N _ N)

Sk,i g, —Sk,i,j,r’

S](C?Ljr p(sk,i,j,rlw = W(t)’H — H t),S,

At each iteration, we first sample from full conditional distribution of each entry of W.
Then, sampling is done for variables in H. Finally, we draw samples for each variable

in S.
4.2.1. Derivations

The complete derivations are presented in Appendix B. Here, we give sampling
schemes for the latent variables. The samples for the latent variables in W and H
are drawn from Gamma distributions whose parameters are updated with the previous
values of corresponding parameters and observations. Note that the derivations appear
very similar for W and H. However, the derivations of the full conditional distributions
for the latent variables in S differ from others. For these Poisson random variables, we

present a sampling procedure in which Multinomial distributions are used.

4.2.1.1. H Variables.

(h(t)

k,rj k,i,j,r?

! -1
h h t—1
<ak,r,j/ Orrj wl(c,i,r))

=1

|Wt 1) thkl) S(t71)7X(t71)7N) Q( o kr]+zs(t 1)
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4.2.1.2. W Variables.

(wk”\W(t 2 U’H(t),S(t*l),X(t*l),N) ~ g(wk”; ap,, + ZS](:Z;T’

k i,7
w w (t) !
a’k,i,r/bk,i,r + Z wk,i,r
j=1

4.2.1.3. S Variables. Previously in Subsection 4.1.1.2, we have showed that the pos-

terior distribution of the latent variables in S can be written as Multinomial distribu-
tions, giving the full conditional distributions, as well. Here, we omit the details of this

derivation and follow the result presented in Equation A.13.

Note that parameters of Multinomial random variables depend on the mask tensor
M as it denotes whether an observation variable zy; ; is missing or not. In case of an

observed variable wy;;, i.e. my;; = 1, the variables s;; ;. can be sampled from a

W,i,r Pk,
2 Whyiyrs ks

Here, the observed value of distribution is given by x}; ;. For missing variables in x.; ;,

Multinomial distribution with the parameter vector py; ;. where py; ;, =

we have a similar procedure in which observed value is replaced with n; ;. This allows
us to sample the latent variables in s.; ;. which correspond to the missing variables
in x.; ; from a Multinomial distribution, as well. However, the parameters need to

be calculated differently. Entries of parameters, denoted by ¢, becomes as gy .,

Wi i PE,r g
2oe(X=mue i 5) 22, W iRk,

Hence, if x; ; is observed, the following is used to sample:

t t t t
Sl(c)zj NM(SI(C)ZJ7 l(cz]’pl(f)zj)

) ()

(t) _ wk i, rhk 77

kz,g,r (t) (®)
LI ZT‘ wk,z r’hk T

where p
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For latent variables which correspond to the missing variables, one needs to use

the following sampling scheme:

s~ M(S:(,?,j,:; Ti g, Q:(,?,j,:)

:727]7:

@) p(t)
(t) _ k,i,rhk,r,j

T T D
koi.gor Zk(l_mkﬂ'vﬂ')zr wli,im’hl(c,)r,j

where ¢

The samples generated after burn-in period, Ty,n—in, can be used for prediction

based on the estimation of the latent variables:

1 T
~ § : (t)

E [Sk,i,j,’l’ nimj’ xk7i7j7 wk7i7r7 h’k},?”,j:| ~ T _ Tb ) Sk,i,j,?"
urn—n

t=Tpurn—in

tth

are samples at iteration.

where s(t,)

k,i,j,r

Hence, the observation variables can be estimated by normalizing the sum of

expectations of the latent variables:

Zf:kl E [Skijr Mgy Thoigs Whiir M ]

K Rn
Zkzl ZT'Il E [Skzizjzr‘ni7j7 xk7i7j7 wk,’i,’f’? hk),’f’,j]

E (ki |7 gy Skigr Weir Prs] =



30

5. EXPERIMENTS AND RESULTS

In this chapter, various experiments are conducted to compare the inference al-
gorithms and show the properties of the SCPF model: interpretability and predictive
performance. First experiment is desgined on a synthetic data set simply for comparing
EM and Gibbs sampler. For interpretability, a binary data set is used and the model
is compared with its canonical form alternative: Logistic Matrix Factorization. The
predictive performance of the model is measured with an ordinal data set where the

canonical form alternative, Ordinal Matrix Factorization, is also used.

The data sets, experiment setups and results are described in the following sec-

tions.

5.1. Simulated Data

In this experiment, our aim is to compare the performance of Gibbs sampler and
EM algorithms for prediction of missing variables X. The synthetic data set used is
generated from SCPF model with the parameters K =2, R = {5,5}, N =1, 1 =9,
J = 100 meaning two components of X are formed with rank of 5. Also, the number
of samples are 100 where each sample is a binary valued vector of length 9. Hence, the

observations of the first component, X7, can be shown as in Figure 5.1.

Synthetic Data

‘“...|..'%P

features

sssssss

Figure 5.1. Binary valued data set generated from the model synthetically.



31

Since we have used K = 2 and N = 1, each entry of z;,;; becomes a Bernoulli

random variable. In EM, the expected value of xy; ; is estimated as follows:

E [ﬂ?k,z‘,j|nz‘,j7 S1:K,i,5,1: Ry, » Wk i,1: Ry, » hk,l:Rk,j} =Mn;; X
Ry,
ZT’II E [Sk,i,jﬂ“ni,j7 Ik,i,j? wk,’i,TJ hk7T7j]

Zk;K:I 27121 E [Sk,ijir| Mgy Thyings Whiirs P ]

where the expectation becomes a fraction of n; ;.

In Gibbs sampler, we approximate to the expectation of zy;; by averaging the

corresponding samples for the observation variable zy ; ;:

T
Elaw: ln: - su: 4 h AU S (t)
Lk,i,j ’nl,j7 Skyi,j,1: Ry s Wki1:Rys ke 1:Ry 5| =~ T_T ] xk,i,j
burn—in t=Thurm—in

Figure 5.2 denotes the data set used with X7, the first component of the observa-

tion variables and the mask matrix M; whose each entry my;; equals to 0 for missing

variables and 1 for observed ones.

:II hﬂl'l

! I

Synthetic Data

1
0s
I I I 08
II I o
1 I I I l I I °e
I I os
I II I I I I I o
I o
" I II N
0

¢ II I I II I I I I I
s 3 ®

features

00

) Data matrix denoted by Xj.

Mask Matrix o

09
08
07
06
05
04
03
02
01
00

(b) Mask matrix denoted by Mj.
Figure 5.2. (a,b) Subfigures denote the data matrix X; and corresponding mask

matrix M.
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The expected value of each entry z,; ; are plotted in the Figure 5.3 which shows
that Gibbs sampler performs better than EM in restoration of missing variables. This
suggests that EM might be over-fitting the data as it uses point estimates of the
unknown parameters and latent variables. On the other hand, Gibbs sampler uses the
full conditional distribution of the variables, which might be the reason of having more

accurate estimations.

(b) EM.
Figure 5.3. (a,b) Subfigures represent the expected values for each entry of the data

set given in Figure 5.2.

In order to show the performance of two algorithms for recovering the missing
variables in X, we have plotted a randomly selected subset of the samples and corre-

sponding expectations in Figure 5.4 and Figure 5.5, respectively.
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« 170
ol L
« "IN

(a) A subset of data. (b) A subset of mask matrix.

LLL
LILIL

Figure 5.4. (a) Each sample z;.7; is reshaped to a square of size 3 x 3 and plotted in

the given subplots. Corresponding mask matrix entries m;.; ; are also given in (b).

As can be seen from the Figure 5.5, Gibbs sampler provides closer estimates
for the missing parts of the data given in the Figure 5.4. However, we believe that
the full Bayesian treatment of the model would allow higher predictive performance
in estimating the missing parts. Hence,an important future work is to adapt Gibbs

sampler for estimating the hyperparameters of the model, as well.

I -

(a) Gibbs sampler. (b) EM.

Figure 5.5. Each image is the expected value of observation variables in X provided

in the Figure 5.1.



5.2. Binary Data

34

As a binary data set, we used the Swimmer data set which is a collection of

synthetically generated binary images. Each image consists of four ”limbs” each of

which can be in one of four positions. Figure 5.6 shows the data matrix, which is used

as the observation matrix of the first component of X. In Figure 5.7, we see samples

from the data set where each figure represents a reshaped version of a sample.

Swimmer Data

features

150

image samples

o 50

Figure 5.6. The figure shows the data matrix, which is used as the observation matrix

of the first component of X.

i

A
A = A
H_LI_=_£

I

1

Figure 5.7. Each figure is a sample from the Swimmer data set.

We set the SCPF components as K = 2, x1; ;

= Y(Z,]) and l‘27i7]‘ ==

I — @,y

where Y denotes the data matrix given in Figure 5.6. As the data is binary valued,

cardinality matrix N becomes an ones matrix whose each entry is 1. With a similar
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notation, we can show that LMF models the data as follows:
Y(i,j) ~ BE(@(Y_ Wi, k)H (k. j))
k
where o(-) is the sigmoid function and BE is Bernoulli distribution.

Two alternatives are used to factorize the Swimmer data set. In order to analyze
the models in terms of interpretability, we consider the template matrices inferred by
LMF and the first component of SCPF, named X;. Basis vectors in the template
matrices are reshaped into 2D images and plotted in Figure 5.8. This brings us to the
observation that the moment parametrization with SCFP allows a more interpretable
template matrix. Similar to PF and NMF with multiplicative update rules, SCPF also
learns by parts as each basis vector of the template matrix corresponds to a specific

characteristics in the data.

.
am

(a) LMF. (b) SCPF.
Figure 5.8. Each image is constructed by reshaping a basis vector in the template

matrix (the first one in the SCPF case) inferred by the models.

5.3. Ordinal Data

For ordinal data analysis, we use the MovieLens 100-K data set consisting of

100-K ratings from 943 users on 1,682 movies. Each rating can take a value from 1 to
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5 where 0 is used to show the absence of that rating.

The model can be used on ordinal data with the following setting: x;,; = Y'(, j)
for observed Y (i, ) and n;; = 5. We use the models with K = 2 and K = 3 to test

the effect of component K.

The canonical form alternative of SCPF for ordinal data is Ordinal Matrix Factor-
ization (OMF) which is constructed with probit function. OMF is described in more
detail at [26]. We also compare the models with Gaussian [44] and Poisson Matrix

Factorizations [4].

5.3.1. Experiment Setup

In experiments, 5-fold cross validation is used where one splits data set randomly
into a training and a test set with 80% and 20% ratings. We repeat each experiment
for the latent ranks R € {20,50,100}. The shape A and mean parameter B of SCPF
are fixed to 10® and 1/R, respectively. The parameters of Ordinal Matrix Factorization
(OMF) are kept as in the original paper [26] except that the latent rank is changed
according to the experiment setting. We set the maximum iteration number to 1000

for each algorithm. Burn-in period of Gibbs sampler for OMF is given as 500.

We present the results with the maximum a-posteriori estimates for SCPF. Pa-
rameter estimation in LMF and Gaussian Matrix Factorization (GMF) is carried out
through Stochastic Gradient Descent (SGD) with regularization. The Gibbs sampler

provided for OMF is used in the experiments.

5.3.1.1. Metrics. We measure the performance of the models with Root Mean Square

Error (RMSE), Mean Absolute Error (MAE) and top-K recommendation for test rat-

ings. Top-K recommendation performance is evaluated with the standard IR metrics
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Mean Average Precision (MAP) and Recall@k, where

avg — precision; = Z Precision(rank(i, j))/|test;]

jEtest;

Recall@Qk; = Z Lrank(i, 7) < k]/min(k, |test;|)

jEtest;

Here, test; includes the movies that user i rated 5. and rank(i, j) denotes the position

of the item j in the recommendation list for user i.
5.3.2. Results

The results are presented in the Table 5.1 where we observe that SCPF gives a
higher average precision, indicating a higher ranking performance of the model. This
supports the idea of using the second component X, which represents user’s’ dislikes

rather than using X; only as in PF.

Note that we calculate MAP through the ranked recommend list regardless of its
length. But with recall@k, we also consider the length of recommendation lists. As
can be seen from the Table 5.1, SCPF results in higher values of recall@k in short lists
of length 10 and 20 only. Fortunately, this might be more useful for users since they

are more likely to observe only a short list.

Setting K > 2 does not bring an additional benefit in our experiments. In SCPF,
we factorize N with Xs.x, the components of X other than the first one. Hence,
increasing K actually correspond to a higher-rank factorization of N, which might be
resulting in over-fitting. The lower performance with K = 3, can be explained by this
over-fit to training data sets. In order to find the correct number of factorizations K
and their latent dimensions R;.x, a model order selection procedure can be developed,

possibly leading to a higher performance of the model.



Table 5.1. MovieLens 100-K experiment results. SCPF-K denotes the proposed

model with K components. RQk is abbreviation for Recall@k.

Model | RMSE | MAE | MAP | R@10 | R@20 | R@50

SCPF-2 | 0.961 | 0.743* | 0.083* | 0.113 | 0.165* | 0.240*

SCPF-3 | 0.978 | 0.753 | 0.080 | 0.123* | 0.150 0.219

R=20 PF 1.330 | 0.957 | 0.019 | 0.009 | 0.018 0.045
GMF 0.940* | 0.744 | 0.071 | 0.098 | 0.132 0.239

OMF 0.980 | 0.762 | 0.041 | 0.058 | 0.086 0.174

SCPF-2 | 0973 | 0.750 | 0.086* | 0.133* | 0.175* | 0.255

SCPF-3 | 0.999 | 0.763 | 0.075 | 0.122 | 0.162 0.223

R=50 PF 1.393 1.031 | 0.020 | 0.018 | 0.036 0.099
GMF 0.926* | 0.736* | 0.076 | 0.112 | 0.165 | 0.285*

OMF 0.986 | 0.766 | 0.043 | 0.060 | 0.092 0.175

SCPF-2 | 0.997 | 0.763 | 0.084* | 0.133* | 0.180* | 0.265

SCPF-3 | 1.016 | 0.771 | 0.074 | 0.121 | 0.167 | 0.266

R=100 PF 1.325 1.011 | 0.031 | 0.040 | 0.067 | 0.150
GMF 0.924* | 0.734* | 0.068 | 0.099 | 0.154 | 0.276*

OMF 0.999 | 0.778 | 0.037 | 0.054 | 0.080 0.158
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5.4. Piano Roll Data

The experiments here aim to show the usefulness of the model in modeling time
series. Recall that the template matrices were previously shown to be interpretable
in Section 5.2. Now, we show that they can also be used as parameters of prior
distributions in time series analysis. For this, we use a piano roll data, a binary valued
data which we have extracted from Bach Chorales. A piano roll data X represents a

music such that z; ; denotes whether i note is active at time index j or not.

The model is compared with PF in order to investigate the possible benefits of

using SCPF over PF. Consider the data presented in Figure 5.9 where x-axis and y-axis



denote time and notes, respectively.
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Figure 5.9. A piano roll data extracted from Bach Chorales.
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For these experiments, we set the number of components in SCPF, K, to 2. Since

the data is binary valued, N naturally becomes 1. [ is set to 25 as piano roll data is

acquired by ignoring the notes which are inactive during the whole play. Since the time

step is taken as 1 sec., the length of data J becomes 328 in this example. Finally, rank

is taken as each value in {10,15}. Hence, the parameter settings for the experiments

are as follows: K =2, N =1,1 =25, J =328 and R = {10, 15}.

For inference, we have used EM algorithm whose convergences are shown in Figure

5.10 where log-likelihood of SCPF converges to a higher value.

convergence of log likelihoods

=500

—1000 -

—1500

log likelihood

—2000

—-2500 — SCPFH
— FF

—3000 L L L L I
] 50 100 150 200 250 300

iterations

Figure 5.10. Convergence of log-likelihood of EM.
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In Figure 5.11, we observe that both models, PF and SCPF, leads to estimations
with similar patterns. However, SCPF restricts estimates to the interval of [0, 1] while
PF does not have such a constraint.

Estimation
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(b) Estimation for X; by SCPF.

Figure 5.11. (a,b) The model estimates where inference is carried out via EM

algorithm.

The inferred basis vectors can be treated as prior parameters for modeling time
series. Consider modeling data presented in Figure 5.9. The corresponding template
matrices inferred by two models are given in Figure 5.12. A simple method can be
modeling these observations as mixtures of the basis vectors in the template matrix
given in Figure 5.12. Compared to the case where one starts from a randomly selected
parameter value in state space, a faster convergence may be attained thanks to the

prior beliefs extracted with the model.
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Figure 5.12. (a,b) Template matrices inferred by PF and SCPF with rank 10.

As can be seen from Figure 5.12, almost each basis vector contains 2 or 3 notes
co-occurring some of which correspond to simple chord structures that can be found

in the piano roll data. Note that this is not the case with PF.

In order to analyze the effect of the rank on expressiveness of basis vectors, we
have also conducted experiments with R = 15 and R = 5. In this case, the basis

vectors inferred are shown in Figure 5.13 and Figure 5.14.

We observe that as the number of latent dimensions increase the basis vectors
correspond to smaller parts of the data. For R = 15, we see that the basis vectors
mostly correspond to a single note. This is perhaps not surprising as the rank of the
data is also not very high. For generalization to different data sets, the selection of R

can be automatized by model order selection.
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Table 5.2. Co-occurring notes found in each basis vector of the template matrix when

rank is equal to 10.

Basis id Notes
0 F5,B4,G#43
1 A#3 AH2 F#2
P D#5,05,B2
3 A#4.F#3
5 G#4,C#3
6 P44 F43
7 B3,D#3
8 CH#4.F3
L — ::
— :
T — :
= —

hidden latent dimension

(a) Template Matrix by PF.
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(b) Template Matrix by SCPF.
Figure 5.13. (a,b) Template matrices inferred by PF and SCPF with rank 15.

In Table 5.3, we have observed that each basis vector consists of 1 or 2 notes.

This might be a result of using a higher rank for factorization.
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Table 5.3. Co-occurring notes found in each basis vector of the template matrix when

rank is equal to 15.

Basis id Notes
0 B3
1 F#5
2 C#5
3 A#4
4 C#3
5 D#5,C5
6 G#3
7 F5,B4
8 F#3
9 C#4,F3
10 D#5,B2
11 F#4 D#3
12 A#3A#2
13 G#4,F3
14 F#4 F#2

In contrast to R = 15, the choice of lower rank of R = 5 result in the loss of
discovery for chord structures as notes start to mix in the basis vectors of the template

matrix.

To sum up, the experiments with varying ranks suggest that there is an optimum
value for the model to find the chord structures in the data. As PF did not infer chord
structures in our experiments, the proposed model can be a good choice for extracting

these musical structures, which might be useful in modeling music.



44

Template Matrix

Fs5 10
Fs
Ds5 09
o5
cs
o 08
As4
Gsa 07
Fs4
Fa4
s 06
csa
£ ca [
2 g3
As3 |
P 04
Fs3 I
F3 03
Ds3
cs3 I
S 02
B2
A2 01
Gs2
Fs2 00
0 1 2 3 4

hidden latent dimension

(a) Template Matrix by PF.

Template Matrix

Fs5 Lo
£S5
D55 _ 0.9
G5 |
cs
54 08
asa
Gs_4 __ o7
Fs_+ ER—— I
Fa
Ds_4 0.6
g G4 I
2 ca 0.5
2 g3
As3ff
o 04
Fs3 |
F3 0.3
Ds3
Cs3 I
o 02
B2
A2 01
Gs_2
Fs2 0.0
o 1 2 3 4

hidden latent dimension

(b) Template Matrix by SCPF.
Figure 5.14. (a,b) Template matrices inferred by PF and SCPF with rank 5.

Table 5.4. Co-occurring notes found in each basis vector of the template matrix when

rank is equal to 5.

Basis id Notes
0 F5,F#4,A#3, F#2
1 CH#5,A#4 F#3
2 C#5,G#4,C#4,C#3
3 D#5,F#4,B3,D#3,B2
4 D#5,B4,G#3,F3
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6. CONCLUSION

In this work, we propose and investigate a model called Sum Conditioned Pois-
son Factorization for modeling bounded data such as Bernoulli, Binomial, Categorical
and Multinomial. The model extends Poisson Factorization by conditioning multiple
Poisson Factorization models on their sum. This allows to overcome the problem of

modeling observations with Poisson distribution whose support is unbounded.

While the proposed model still enjoys the interpretability property of Poisson
Factorization, it performs better in prediction tasks. We have shown interpretability of
the model on a binary data set, Swimmer data set, such that basis vectors in inferred
template matrix becomes explanatory. For testing its predictive performance, we have
conducted experiments with Movie-Lens 500-K, which have demonstrated promising

results.

We have also derived two algorithms for inference in the model: Gibbs sampler
and Expectation-Maximization. They are compared in a simple experiment on a data
set generated from the model synthetically. The results showed that Gibbs sampler
performs better than EM as the latter may be suffering from over-fitting due to the
use of point estimate for the variables. On the other hand, Gibbs sampler uses the full
conditional distributions of the variables, which might be the reason for giving more

information about the variables.

In the last experiment, we have employed the model on a piano roll data extracted
from Bach Chorales. The goal was to show the use of the model in finding prior
parameters that can be used for modeling time series. We have also showed that
the model allows discovering the chord structures in piano roll data thanks to the
basis vectors in the template matrix. In this sense, the model is compared to Poisson
Factorization, which did not provide similar chord structures. However, the optimal
value for the rank of factorization in Sum Conditioned Poisson Factorization may

depend on the data of interest.
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The experiments have demonstrated promising results for the proposed model.
Therefore, we believe that further studies on the inference and applications are crucial.
In that sense, one future work is to investigate the full Bayesian treatment of the model
with approximate methods such as Variational Bayes or Gibbs sampler, where the
hyperparameters of the model are also inferred. Another step is to develop variants of
the model, i.e. Coupled Sum Conditioned Poisson Factorization such that unobserved

properties of the model may be revealed.

In order to explore the model and its properties, we believe that applications
should be extended, as well. For instance, the model can be used with different data
sets in order to show its interpretability property. Additionally, we think that it would
be more convincing for demonstrating the performance of the model by extending the
experiments for the Collaborative Filtering problem. In this sequel, one may want
to employ the model on data sets such as Movie-Lens 1M, EachMovie, and NetFlix.
However, these are typically large-scale data sets, for which more scalable inference

algorithms need to be developed [31].
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APPENDIX A: EM DERIVATIONS

A.1. Fully Observed Data

In order to calculate the posterior distribution in Equation 4.2, we can rewrite
the terms on the right side in log-domain. The first term, the SCPF log-likelihood

function, is as follows:

log p(N, X, S|W, H) = log (p<NrX>p<er>p<srw, H))

= Z (Z log PO(Sk,i,j,r; wk,z’,rhk,r,j>

ki3 r

+log 6 (g, — Z Skyijr)
+ lOg 5(7%73‘ — Z xk,i,j))
k
= Z (Z <5k,i,j,r log wy. i rhirj — Whirhirj

k7i7j r

— 10g F(Sk,i,j,r + 1)) + log (5(1‘]“‘7]‘ — Z Sk,i,j,r)

r

+ IOg 5(711‘7]' — Z xk,i,j)) (Al)
k
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Combining Equations 4.2, A.1 and 4.3 leads to the following:

log p(S|N, X, W, H) = log p(N, X, S|W, H) — log p(N, X|W, H)

= Z ( Z log 'PO(Sk,i,j,r; wk,z’,rhk,r,j>

ki,

+ lOg (5(1‘]“,]' — Z 5k,i,j,r>

+ lOg (5(711'73' — Z Ikﬂﬁj))
k
=) log PO(xhi5: > Wi M)

k,i,j r

= Z ( Z log 'PO(S]C,Z',]',T; wk,i7rhk,r,j)

k,i,j

—log PO (21,5 Z Wiy N )

+ log 5<$k,i,j — Z Sk,i,j,r)

+ IOg 5(711'7]‘ — Z xk,i,j)) (AQ)
k

Poisson distributions in Equation A.2 can be rewritten in terms of their param-

eters:

> 108 PO (St juri Weiwhihr ) =108 PO(higi D Whiirs k)
= (Z <5k,i,j,r log Wi i.r ki — Wil — 108 T (Sk i 50 + 1)))

- (331“] log(z Wiy Merj) — (Z Wiy M) — log T 5 + 1))



o4

Z (Sk,i,j,r log Wi i Pk — Whiphir; —10g T (Ski g + 1)))

T

- ((Z Sk,i,j,r) log(z Wk,i,ry hk,r,j) - (Z Wk,i,ry hk,r,j) — log F(xk,z',j + 1))

r

w irh r,J
Z SkijrlOg > zkuk } kh; - — log I'(ki g + 1)) +log (g + 1) (A.3)
r ,2,7 NEY)

T

By incorporating the result of Equation A.3, we can observe that the posterior

distribution of the latent variables consists of Multinomial distributions:

log p(S|N, X, W, H) = (Z 108 PO (81 s Wi ik )

k,i,j T

—1log PO(xy, 5 Z Wiy Pteyrj)

+log 0(wpij — Z Skiijr)
+ lOg 5(711'7]' — Z ka))
k
ki - Zr Wk 5,15 hk,r,j

— IOg F(Sk’@jj + 1))

+ 10g F(xk,i,j + 1) + 10g (5(1’]@’@]‘ — Z Sk,i,j,r)

T

+ log 5(ni,j — Z ZL‘kﬂ‘J‘)
k

= E IOgM(Sk,i,j,:;xk,i,jvpk:iyjﬁ)

k,i,j

Wik,
r Whyi,rsle,

where the cell probability py; ;. is equal to =
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Since sy ;.. is shown to be a Multinomial random variable, the expectation of the

latent variable s ; ;» can be easily calculated as:

B[Sk [Whyis Pksj] = Thoi jPhigir (A4)

where expectation becomes a fraction of the observation zy; ;.

The objective function in Equation 4.1 can be written using Equation A.1:

Wk i,:» hk,:,j}

E|logp(N, X, S|W, H)} 3 (Z (E (S

p(SINXWH) ki T

log wi il — Wi Pker g

- E {log I(skijr + 1)} >

+ E |:10g (3(27].“”' — Z Sk,i,j,r)l

+ lOg §(ni,j — Z xk’i,j)> (A5)
k

where the last three terms are merely constant for the maximization w.r.t. W and H.
Hence, one needs to maximize the following objective function:

QW HIW®, H) = 7 (E[s), wl’ . b ] 10g wii i

k7i7j7r

- wk,i,rhk,r,j> (A6)

)

where the expectation of the latent variable sgi ;. 1s aresult of Equation A4

E[S(t)

k7i7j7r

) @ 71 _ (t)

ki, hk,:,j} = Tk,ijPhyijr
®) 1@
wk,i,rhk‘,r,j

= Thk,i,j
JZ (t) h(t)

r Vkar kg
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Finally, we conclude the fixed point equations for maximizing the objective func-
tion Q(W, HW®, H®):

® 3@
wk,i,:’ hk: ,]} -

-3 (=il |
J
1
- (st dottnt wk—.) -(Z)
J i,r r
0

Z w;(:) hit)
(t) ) @ N NN OR
w(t+1) Z] E [Sk,i,j,rlwk,i,ﬁ hk,:,j] o J . Z (t) h(i)

— r k i,r" "k,r,j A 7)
k,i,r 7 - ( .
Zj hgc,?r,j Zj h;m)m.
h(t) ‘
k,z,r Z g
t Lk,i,j 0 n
Z ’(Cz“,] 7 Z wk h’(f ’)r‘,]
0QUV, HIW', HO) (0 (01 1 0
) _ E po 1L '
8hk7m~ ; [Sk 2,7,T |wk i, k;-,]} hkm]‘ wk’m
t t t 1 .
- (St ) - (Sl
i k,r,j :
=0

l(ct) hit)
(t) ) 3@ T, ks rg
D) ZiE[Sk,i,j,r|wk,i,:7hk,:,j] Z I w® O

r k:zr’ k,r,j

krg (t) o (t)
Zi Wi 5. Zz Wy 5
(t)
W,
k r,] 2 : k,i,r
Lk Z:] t) (t) (A8)
Z k,z,r 7 ki kg

A.2. Missing Data

The derivations presented below follows a similar procedure used in the previous
subsubsection. For handling missing data, we make use of Mask tensor M whose each

entry my; ; becomes 1 or 0 when zy,; ; is observed or missing, respectively. Hence, the



SCPF marginal log-likelihood given in Equation 4.3 becomes as follows:

log p(N, X|W, H) =1log Y _ p(N, X, S|W, H)
S

=1log > p(N|X)p(X[S)p(S|W, H)
S

B log |:( H p($k7i7j |wk,i,:7 hk,:,j)mk’i’j>

kyi.j
( H p(ﬁi,j |w:,i,:7 h:,:m m:,i,j)) ]
,J
= Z My, 10g(PO (2 53 Z Wi Prr))

k,i,j

+ Z log(PO(7; 5 Z(l — M) Z Wi Pk r )

1,J k

~ K
where 7 j = 5 — Dy Thyi jMkij-
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(A.9)

Accordingly, Equation A.2 changes as the calculation of the posterior distribution

of the latent variables in S is updated:

log p(S|N, X, W, H) = logp(N, X, S|W, H) —log p(N, X|W, H)

= Z ( Z 10g 'PO(Skﬂ',j,r; wk,z‘,rhk,r,j)

ki,

+ IOg (5(1’;“'7]' — Z Sk,i,j,r)

r

+ log (5(ni’j — Z xk,i,j))
k
- Z my; j log(PO (w53 Z Wi M j))

k.i,j

— Z log(PO(7 Z(l — M) Z Wik M, 5)

ij k



= (Z My + 1 — M)

k,i,5

log PO(Skij,r Wi Pkrj)

+ lOg 5(~Tk,i,j — Z Sk,i,j,r)

+ lOg 5(nm~ — Z xk,@j))
_kazjlog(PO xk‘l]7zwkl7‘hk‘7‘]))

k,i,5

- Z log(PO(7; 53 Z(l — Mk j) Z Wi Pk r )
i k .

= Z ( Z My, ;108 PO(Ski j.r Wi Pk j)
k,i,j r

+Z — Mgy ]'ngo(sklj’l‘7wk17’hk7“j)

+ log d(yi 5 _Zskijr)

+logd(n;; — Zxk” )
_kazjlog(PO $k1172wkzrhkr]))

k,i,j

— Z log(PO(n; ;3 Z(l — M) Z Wi Pt r.5)

1,5 k

o8

(A.10)
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=> <§ Myi.j 108 PO(Skijrs Whiw Pk j)
ki

r

— My 5 10g(PO(2k 55 Z Wi Pk j))

+ IOg 5(xk,i,j — Z Sk,i,j,fr) + 10g 5(711"]‘ — Z xk,i,j))
k

T

+ Z (Z(l — M ij) 10g PO(Skijirs Whir Pk j)
0]

k,r

_ ( log(PO(ft; j; > (1= miij) Y wk,i,rhkx,j))) (A.11)

k

Poisson distributions in Equation A.11 can be rewritten in terms of their param-

eters:

w irh g
= 3 ( D shiar 108 g W — 108 T (s 1)) (A12)
r ' 8T RV

k.i,j

+ log F(.Q?].m"j + 1)) + log 5(1‘]“'73' — Z Sk,i,j,r)

+ IOg (5(7%7]' — Z xk,i,j)
k

w irh 7
+ ((Z(l = Mki,j) Sk g 108 S RN
k

i o — M) Doy Whiias P

_ (1 — mk’m) lOg F(Sk,i,j,'r’ -+ 1)) + log F(ﬁ@j + 1))

= i log M (ke Thig Pri.)

k7i7j

+ Z log M(8..i 5.3 T g, Deijier M) (A.13)

0]

where 7; ; is shared among the latent variables in s.; ;. for which my; ; = 0.

Recall that when zy; ; is not missing, i.e. my;; = 1, the latent random variables

in s, ;. were shown to be a Multinomial random variable so that the expectation of
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Sk.ijr is calculated easily. However, when xy;; is missing, i.e. my,; = 0, the latent
variable sy ; ;, becomes coupled with others in s.; ;. for which my;; = 0. This, in
turn, results in a Multinomial random variable as well which allows calculating the

expectation of the latent variable sy ; ;.

Hence, the expectation of the latent variable s ; ;, can be given as a piecewise

function as follows:

ThijPhigrs A megg =1,
E [skijr] =

NijQkigr, A meg; =0,

wki'rhk'rj wkz’rhk'r] : :
where pr; i p = —=—2228%  and g ; oL : . This can be rewritten
pk,’z,jﬂ’ Do Wk qk’l’]’ Zk(l M,i,5) Doy Whyi,r Pk,
as:
B[ 0 107 _ M i j Wh i Mo j Tk (1 — M) Wi Pt 00
[Sk KRR r|wkz D k,:,j} -

> Wiy i Dol —myeii) D Wi, P

One can easily derive the fixed point equations for maximizing the objective

function Q(W, HIW® H®) by using the expectation of the latent variable s, . given

above:
(tr1) 2 E[Sk,m .
wk,i,r - h(t)
Z] k7r7j
Z mkvixjwl(ct)z 'rhgct?r jzk 0,3 + (1 Mk,i )wl(ct)z 'rhgct?r gﬁ'bd
e S=miiy) X, w0
o ()
225 M
(t) (t) (t)
— wk7i7r Z mk7i7jhk,r,jxk7ivj (1 - mk za])hk‘ ’I"jnlv.] (A 14)

t t t t t
Zj hl(c,)r,j j o wl(c,g,ﬂ hz,)r,j Dol —=mupii) >, wl(c,?i,ﬂ hzi},j
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h(t+1) o Z E[ km, }

ki Z wk T
) mk,z‘,jw/i}t)rhf%t])mk i (1= )wi) by i g
_ Tty Se(omed) B el i
Zi wl(cf')i,r
s 3 M WL T (1= mpg)wie) i (A1)

o (t) (t) t
Ziwk,i,r i erk,i,whli,ij Zk(l_mkw)z w;(fzra lfl,]



APPENDIX B: GIBBS SAMPLER

B.1. Update for hkw

p(h kr]’Wt 1) H(t—l).js(t—l)jX(t—th) ocp(h w1 t 1) S(t 1)

—hg k,r,jg?

X(tfl)’N)
t (t—1 t—1
X p(h;(c,l, )p(sk 1: I)j r|hk T l(e 1:1?7«)

I
1
= p(hl(ct,z",]) Hp(sl(fzjr|wl(ctz r)7 hlgr])

=1

Taking the logarithm leads to the following:

log(p(hjo), W0, H ) S0, XD N)) o< log p(hy).,)

kyrij

+Zlogp Sk‘z]r kzr)7hl(ct,)r,j)

We now continue by plugging the distributions into the equation:

t) (t—1 (t—1) 4. (¢)
:logg(hl(frj’ ZT’]’ kT‘]/akT'] —i—ZlogPO Skz])r? k‘zr h’l(frj)

=1
(aZr] B 1) loghk g hk r](ak:’/‘]/bk 7"]) IOgF(aZ,r,j)

+ akﬂ"’j 1Og( k r]/a’k 7«])
I
[ -l ) + o i) —

k,r,j TsJ ki,g,r
i=1
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(t=1)p (1)
Z _wk,i,r hk,r,j

i=1

t t
= (aZ,r,j - 1) log hl(cz“j - hl(cz“j( Z,T,j/bzvﬂj) +

+Skzjrloghkrj]

I
) (1-1)y
akT]+ZSkle lghkm_hkr] kTJ/kaJ Z k’”

t—1)
oclogg( k?”]7ak7‘j+zsklj7‘7 (az,r,j/bz l(czr)

B.2. Update for w,(sz

p(w;(fzr’Wi:(? . H(t),S(t—l),X(t—l), N) x p(wmw W(t é) 1),H(t §t=1)

k,i,r k: i,7

X(tfl), N)

t
oc p(wy) p(syr) ol mi) )

() (t— 1) w? )
wkzr Hp Skljr k,i,r> hk,r,l:J)
7j=1

<

Similarly, we take the logarithm:

log(p(uw, W 0Ly, HO, S0, XU, ) oclogpu,)

k'LT

Zlogp Skl]?"|wk‘17" hl(:,)m)
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We now continue by plugging the distributions into the equation:

10gg(wkzr7akzr’ k:zr/a’kzr +ZlOgPO Skzjwwl(ct,z,rhg)r,j)
ij=J

= (a’;cu,i,r - 1) 1Og wl(ct,z r wl(ctz r(ak A r/bk i r) IOg F(a;fu,i,r)

+ alkv,'i,r lOg( ki r/ak K r)

J
t—1
Z wkzrhk r]) + SI(CZJZ"IOg(wkzrhk r]) - l(cz,j,)r!]

_+ O _ 0

o <a;;u’iv7"_1)10gwkzr kr]( kzr/bkzr ®) h(t)

T Wi Uk

+ s,(fl_]lzn log w,(fZT]

J
t t
akzr+28kz]r logwkzr_h/(f)rj(akzr/bkzr Zle:ZT

J

-1
mlogg(wkzr?aklr Zsktzjlzﬂ (aklr/ kzr—i_zwl(ct,z,r)

B.3. Update for s,(;i,jm

Previously in Subsection 4.1.1.2, we have showed that the posterior distribution
of the latent variables in S can be written as Multinomial distributions, giving the
full conditional distributions, as well. Here, we omit the details of this derivation and

follow the result presented in Equation A.13.

Note that parameters of Multinomial random variables depend on the mask tensor
M as it denotes whether an observation variable zj; ; is missing or not. In case of an

observed variable wy; ;, i.e. my;; = 1, the variables s;; ;. can be sampled from a

wk,i,rhk,r,j
Zr wk,i,rzhk,r,j ’

Here, the observed value of distribution is given by x},; ;. For missing variables in ., ;,

Multinomial distribution with the parameter vector py; ;. where py; j, =

we have a similar procedure in which observed value is replaced with 7, ;. This allows

us to sample the latent variables in s.; ;. which correspond to the missing variables
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in x.; ; from a Multinomial distribution, as well. However, the parameters need to

be calculated differently. Entries of parameters, denoted by ¢, becomes as gy ;, =

wk,i,rhkﬂ“’j
2o (I=mei) 300 Wheirshkr

Hence, if x; ; is observed, the following is used to sample:

) @ .. .® (t)
Sk ~ MUK 55 Thi g Piig,)

(t) 5 (t)
) While
where py; . = S w® o
r “k,a,r "k,r,g

For latent variables which correspond to the missing variables, one needs to use
the following sampling scheme:

s~ MUY g d))

:7Z7J7:

(t) (1)
(t) _ ki,

i z o -
k,i,g,r Zk(l_mk,i,j)zr wli,g,r’hl(c,zﬁ,j

where ¢



